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We construct an approximate solution of the problem concerning the propaga=
tion of a planar, front of a two-stage exothermic sequential chemical reaction
in a gas, by the method of matched asymptotic expansions, As the parameter
in the expansion we use the ratio of the adiabatic combustion temperature to
the sum of the activation temperatures of both reactions, Depending on the
values of the characteristic parameters of the problem, we consider several
solutions, each with a different asymptotic behavior, corresponding to the vari-
ous flame front propagation modes, The analytical results obtained are com-
pared with numerical data available in the literature,

1, Formulation of the problem, The stationary propagation of a planar
front of a two-stage sequential exothermic reaction 4, - 4, — A ; in a gas can,
subject to a number of simplifying assumptions, be described by the following equations
and boundary conditions:
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z=—o00, T=T_, a=1, a,=0 (1.4)

2= 00, ¢;=a,=0, dT /dz =0 (1.9)

Here Z is the spatial coordinate, @, and a, are the mass fractions of the substance i
and :l,,, T is the temperature, p is the density, m is the combustion mass rate, ¢ is
the heat capacity,  is the thermal conductivity, R is the gas constant, ¢, and O,
are thermal reaction effects, %, and £, are the factors premultiplying the exponential
terms, £, and E, are the activation energies, and D is the diffusion coefficient of the
substances A, and A,. We assume that the density and all the thermophysical charac=~
teristics of the medium maintain constant values,

Solution of the problem (1,1) — (1. 5) consists in determining the functions a, (x),
ay (x) and T(z) ,and of the eigenvalue of m. For a solution to exist it is sufficient
that the constant %, be set equal to zero over a small interval close to T_ [1],

The problem (1.1) ~ (1, 5) has the first integral

A dT Q1+ Q» Dp da
WZE_:T—T*'_'_ 1 ¢ [01—7#]—{- (1.6)
2 Dp d _
-—QC [‘12—"—,: E—ZZ], T, =T_+ct(Q1+ Qo)

Taking (1, 6) into account, we can represent the problem (1,1) — (1. 5) in the following
form:

ar L(r—H)
Tt T T —ogH —(1—5g)G (1.7
49 _ Lg—G6) @8
v~ t—ogH —(1 =05, 6
ad sp(1—r) —Bog (1 +0)
T T T —ogH—(1—5g)G Y 1.9
6 (t—o(r—9) —B(t—sg) (1+09) (1.10)
H"TT—_T—‘“QH—U—GQ)G exp TFo
1=0, r=¢9q=G=H=0 (1.11)
T=1, r=¢=G=H= (1.12)

The variable 7, the unknown functions r, g, H, G, the eigenvalue p and the dimen-
sionless constants L, 0g, Ok, O, p and o are determined by the formulas

T—T_ _
T=71.—+-__—T-, r=1—a, g¢g=1—a,—a, L—pDc (1.13)

D d pD dr .
GM=g¢—"-3, HW=r—""gm %=1
o — E\ 5o — Q1 B:El—i-Ez

E=F 4+ B’ Q Q1+ Q2 RT,
T m2c

o= —r." YT Rtk
From the conditions of nonnegativity of the concentration, the conversion sequence of
the reagents, and from the condition of thermal gradient nonnegativity we have the
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following inequalities:

T—0gH —(1 —0Q)G6>0, r>H>0,9q>6G>0 (1.14)
1>r>q¢>0

To construct approximate analytical solutions of the problem (1, 7) — (1.12) we apply
the method of matched asymptotic expansions [2, 3] choosing as the parameter of the
expansion the small quantity P-!, and we use the results given in [4 —~ 8],

From an analysis of Eqgs, (1.7) — (1.10) for large values of 3, we can show just as in
[8] that the form of the asymptotic solutions differs substantially depending on the va-
lues of the parameters sg, o and 0g, and we can separate the following particular

cases: 1, < og <1, (6g +0) (1 + g + 20)r< o <,
0 <or < (o + ) (1 + g + 25)

2, Solution for Y.<l{ox <1 or 1< E,/E,< oo. We partition
the interval 0 < v < 1 into two regions: a small neighborhood of T = 1 (inner
region) where we introduce the variable t* = B (1 — 7), and the remaining portion
of the interval (outer region), We limit ourselves to determining two terms of the ex-
pansion of the eigenvalve p which we seek in the form

B = (1o + P-'u,)B-? exp (—Pox) (2.1)

The corresponding expansions of the functions r, g, H and @ in the inner and outer
regions have the form

r(v*) = ro (t*) + B-'ry (vF) + BPre (7F) (2.2)
g (t*) = go (t*) + B~'q; (v*) + B-"¢a ()

H (t*) = H, (v*) + B~'H, (v*), G (%) = G, (v*) + B~1Go(v)
r(r) =1y (1) + Bra(v), q(v) = go(v) + B~*q (7)
H(t)=H(p), G=0C(,p)

Here, as well as in the following sections, the form of the expansions (2,1) and (2, 2) is
established from an analysis of the different versions and discarding of those which do
not satisfy all the requirements set forth for a solution of the problem (1,1)—(1,12).
The overbar is used to denote functions which, for an increase in f§, decrease faster
than any power of the small parameter -1, for example, according to an exponential
law,

The equations for the successive terms of the expansion (2.1) and (2, 2) are determ-
ined by substituting (2.1) and (2. 2) into (1. 7) — (1.10) and then grouping and equating
terms of the same order of smallness, The outer expansions must satisfy the boundary
conditions (1,11) and the inner expansions — the conditions (1,12), In addition, the
outer and inner expansions must be bound by the matching condition, which is expressed
by requiring equivalence of asymptotic behavior of the inner and outer expansions,
represented in the form of functions of the intermediate variable [3, 5],

Substituting (2,1) and the inner expansions (2, 2) into the Egs, (1.7) — (1.10) and the
boundary conditions (1.12), we obtain successively
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dr dqo

= =0 nO=00)=1, rnE)=g@*H=1 (23

() =g (1%), (1) =gq, (t*) (2.4)

Ho (v*)i= Gy (v*), H, (%) = Gy (%)

d

dTr}E =—L n0)=0, r@*=—7Lt* (2.5)
dH, Oxri —GgT¥*

”OE.—:: 1—er0 eXp 1-ﬁ5 ] HO(O):1 (2.6)

From (2. 5) and (2. 6) it follows that

HO(T*)Zi_"[ oS 2 1-+0

Here and in the sequel y (z) =1 — (1 + z) exp (—z)
Substituting (2.1) and the outer expansions (2. 2) into (1.7) = (1,10) and (1,11), we
obtain

dq. Ly, dro Lro )

dr Ty g dc g e (0) =gyt 0 (2.8)
dq L dr Lr -

T wm o nO=a0=0 (2.9

Hence
go (t) = Cytl, 1y (v) = Cyily g, (1) = Cgtt, r, (x) = Cxl (2.10)

Here and in the sequel constants of integration are denoted by C .
From the matching of the inner and outer expansions we find

Bo = 20xL (1 + 0)*05-%, C,=0C, =1 (2.11)
GpT*
Ho(v¥)=1— T./l( 1+0 )
For the following terms of the expansion in the inner region we obtain:
dre _ —-L(r1 +T*)
p ez e w7 e r:(0)=0 (2.12)
dH:1 _ olv* [_gl_ _ T H T cgt"?
dv* ~ po(f —Hoy | Mo 1—Hy  1—Hy, " {d+or

—_— G T*
?:] exp(ﬁ), Hi(0)=0

Hence
a9y = EZDELE O (BT gy = (0 a
o . ’ (2.13)
) = iy | (= 5 e~ . ST
Matching, we find ’
C=C, = LE=ELE (o), h@=h@ -5 @19
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s [(1 + o) (""(OO) +1— ) - 3] v Js(@) = g’r"”’ (t) thetde

Wo 55

o (00) = 2.92; s (o0) = 2.688

The resulting formulas give an asymptotic solution of the problem for the particular case
considered, We write the two~-term expression for the combustion mass rate (2,1), (2,11),
2, 14) in dimensional variables

(2,14) in dimensi ! (2.15)

2LAp\Y* (RT,\N( T, \{, , RT,[ T, — £
o c P,‘ ( B \TieTo )]‘1 ""T[T o (2.344 — L) — ]}eme:
‘The expression (2,15) establishes an analytical dependence on the combustion rate on
the characteristics of the process, including the dependence on the ratio of the coeffici-
ents of thermal diffusivity and diffusion, It is evident that for the case considered the
combustion rate is completely determined by the kinetic characteristics of the first re-
action, Using the terminology of [9], it is natural to call this mode — the coalescence
mode,

8. Solution for (oo + 0)/ (1 4 0g + 20) < og <Yy or (T_ +
C1Qy)/ T, E,/ Ey < 1. Inthis case we separate on the interval U << T << 1
two inner and two outer regions, The inner regions are small neighborhoods of the points
t=1and t=7"=0g(1 4+ 0) (1 — 0g)™! — o0, 0¢g < 1,° < 1. The outer
regions are the segments T,° <{ v < 1 and 0 <1 < v,°. We first consider the solution
in the regions T ~ 1 and T,°< v < 1. We seek the expansion of the eigenvalue W,
and the inner and outer expansions of the unknown functions in the form

po=(po + p*u)p~? exp [—p(1 — og)] (3.1)
g (v*) = qo (%) + p7'qx () + p77s (%)
G (%) = Go (v*) + p~'Gy (v¥)
r(t*) =1+4+7F@*p) H(*) =1+ H(*,p), *=p1 —1) G.2)
g =¢o(m) +p7?¢1 (1), GO =0C(v,p)
r(vy=1+7(7 p) H(t)=1+4 H (1, p)

Substituting (3,1) and (3, 2) into (1.7) — (1,10) and separating terms of the same order

of smallness, and taking the boundary coditions into account, we can obtain in the inner
region dqo

=#=0 (0 =1, g (%) =1 (3.3)
M =— L1 -0 @0)=0, ¢ () =—L{1—og it (3.4
dgq — L1 —og) 1+ %]
T = 1= 50)2?1 —y 20)=0 (3.5)
dGo (1 —oK)q —({1 —og)T* .

Moo = T—og) ('; P, GO =1 (3.6)

dGr (1 —oy) Lt* M Tk _ Gy , 3.7
FTF = (i —og)* (1 —Go) [uo T—spa—ty  1—6G ~ &7

2 —_— —
(1 —og)t* g2 :l exp (1 —scg)t* G1(0) =0

A+or @ 1t 7
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and in the outer region
dgo” _ _Lgv" dq _ Lgt
dt T—6p ' dt T T—3
2" =Cs5(v — o)k, @' = Ce(r — 5t
From (3,4) and (3, 6) we find

*) __ 2L(1—dk)(1 ! 5)2 —(1—6 )T* 1,
ot =1 — [ (F ) @9

(3.8)

After matching of inner and outer expansions we obtain

2L (1 —op) (4 +o)?

Ro = (1——00)':(1—61,‘.)'3 (3.10)
1 (1—2,)t"
——— *Y — 4 o Vs ¥
Pt ol =11 ( 5 )
Next, taking note of (3, 4) and (3. 9), we find from (83, 5)
o (L=DL+op . [ =51 "
Q2(‘r )—' (1___5E)2(1__GQ)2 1 L 1+ J (3.11)
Here the function j, is defined in (2,13), Integrating (3,7), we obtain
Tk .
) (1—oKL \ [P" 2, (=502
*y Rl N ST A 3.12
GI(T )—],10(1—50)2(1—“(1'0) S ™ Q1 + {d +o)F ( )
0
. —(l—ocp) =z
(1—50)(1—00)Jxe"p s %2
As a result of matching we have
b2 140 [f3() o\
B [1_50( ) 11 L) 3} (3.13)

(L—1)L{1 + o)
(T —ogr(d —ogn+L

Ca=

J2 (00)

Here the function j, is defined in (2,14), Using (3.1),(3.10) and (3,13), we write the
asymptotic two=term expression for the combustion rate in dimensional variables

_ [ 2K:Lhp\"* [RT,\ [cT RT,\ |
me ) (e G e
7‘.& ) - Ez

In order to complete the construction of the solution it is necessary to determine the
functions r, ¢, /T and G intheregions 0 < v <" 7,° and T ~ 1,°.

Variation of the functions r and # from zero to unity occurs mainly in a narrow
zone closeto 1 =1° = (1 —op)lop (1 + o) —c ot T = I* = T Lk,
where both sides of Eq. (1. 9) become equal in order of magnitude, We seek solutions
close to T =7,° in the form of inner expansions

r(T*) = ro(t,*) + ﬁ—l’l (v*) + ﬁ_=r2(11*‘) (3.15)
H (t*) = H(v*) + ﬁ_lHl (%)
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q(1:*) = go (1,*) -+ Bigy(ty*) + pira(Ty*)
G(Tl*) = G (Tl*y B)y Tl* == ﬁ (Tlo - T)

Since point T ==T,° lies within the interval [0,1], hence the expansions (3,15) must
satisfy the matching conditions with the corresponding expansions in the two outer regi-
ons, In the outer region 7;° >0 the solution is determined by the formulas (3, 2),(3.8),
(3.10),(3.13), and

_(T—=%q o MLy (3.16)
(%) ‘(1_00) FER A =TT oL 2 () (T — oy
G =6 p), HiR)=1+H (v, p). r(1)=1+r(rp)
In the outer region © < T,° just as in Sect, 2,
T(0) =1 (1) + By (1), (1) = o (1) + p2gy (1) (3.17)
ro (1) = C_'ff’ (1) = Cgtt, go (1) =Cytk, ¢ (1) = Cyott
H()=H(t,p), G()=C(q,p)

Substituting (3,15) into the system (1.7) — (1.10) for r, (7,*) and g,(T,*}, we obtain
the equations

dry / du,* =dgq, / dv,* = (3.18)
The solution of Eq, (3,18), satisfying the matching condition with (3, 16), has the form
ro (1*) =1, go(n®) = (1 — 6¢)L (v,° — o)t (3.19)

Matching of (3,19) with (3,17) yields
= (1,°)7L, Co = (1)L (1 — 0g) L (7,° — ag)-

Further, for 7 (7;*), ¢, (1,*) and H(7,*) we can obtain the equations

L
dri _ —LU—H) du _  —L(mw—qy) (3.20)
du* W —6oHy 7 dur (1_GQ)L(11°._.GQH°)
dHy _  oxn —op(1+0)n*
Ho dti* ~ —ogHo (11° 4 o)?

Analyzing (3, 20), we should take into account the fact that the value of the parameter
Ho has already been established earlier and is determined by the formula (3.10), We
can prove that subject to the condition Tw > og the system of equations (3, 20) has a
solution (unique) which satisfies the matching conditions with (3,16) and (3,17). Deter=
mination of this solution is only possible by numerical integration,

We can write a system of equations for r; (1,*), ¢, (1,*) and H, (1,*) analogous to
(3.20), For determining the eigenvalue of the problem which is the principal aim of the
study, there is no need in the solution of this system, as is also the case for the solution
of the system (3. 20),

As the formula (3,14) shows, the combustion rate for the case considered is determined
by the kinetic characteristics of the second reaction, The zones of the two consecutive
stages of the chemical conversion are separated by a spatial and a temperature interval
and are related by a heat flux,
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4, Solution for 0<Cor<(0+0g)(1 +0p+20)! or 0O F E,.T
(P_+¢1Q,)T,"'. In this case the functions H (t)and r(7), just as in Sect, 3, vary
mainly in a narrow zone close to T == 1,° outside of which, to within exponential terms,
they are equal to zero and unity, However now the position of the point 1,° is indepen=-
dent of og and is determined from the equation t,° == 0g- The behavior of the func-
tions G(t) and ¢ (7) differs substantially from that in Sect, 3, The eigenvalue | is to
be sought in the form —Bog (1 +3)
b= (ko -+ 87uy) B2 exp —~G—h—-—— (4.1)

Q+o

In constructing the solution it is sufficient to consider three regions of distinct beha~
vior for r, g, H and G. The outer region O < v < oq, the inner region consisting
of a small neighborhood of the point T = T,° =0, and the outer region 0y < T <C 1.

In the outer region 0 << 1 < 0g

(V) =ro(v) +B7ri(7), (V) =4q(1,B) (4.2)
G(v)=G(,B), H(v)="H(z,8)
Substituting (4. 2) into (1, 7) — (1,10), we can find
r (1) = Cyt 4 B2 Coptl (4.3)
In the inner region T~ o, we introduce the variable T;* = g (0g — T) and we con~
sider separately solutions for t,* >0 (1< 0g) and 7;* <0 (v > Og)
¥ >0, r(v*) =r5 (0*) -+ BT () + B (%)
Hy (%) = Hy (v*) 4+ B Hy (10*), q(1*) = ¢7 (1%, B)
G (1*) =G (1% B)
<0, r(m*) =1+r"(n*B) H(u*) =1+ H"(u*p) (4.9)
g (v*) = B'ar" (0*) + @7 (1%, B)y G (11*)=B7Gt (1 *) G (7%, B)
In constructing the solution in the inner region we take into account that the point
T=0q, H=r=1, G=g¢=0 isa singular point and we use the conditions [8]
uw* =0, Hy (0) =1y (0) =1 (4.6)
1 (0) =15 (0) = Hy(0) = ¢;" (0)= Gy*(0) =0
In the outer region g < 1L 1
r(=14+r(p), H(®)=1+H(1,B) (4.7)

T—GC

100 ==L+ T B 60 = + T @B

(4.4)

Substituting (4.1), (4.4) into (1. 7) - (1.10), we find

dro~ drn”  — L dHy™ Ol —ocg(1+09) * (4.8
g = VgF = 5g ' T T d—Hn P T For ! (4.8)
From (4, 8), taking into account the matchimg conditions and (4, 6), we have
— Lu* 235 L (sg + o)
- *) o= (1% = = — (4.9
ro (=1, r (" oot LR TR
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- op (1 +o)u*
Ciu= GQL, Hy(v*)=1—1" ( 2 )

(og + o

For the following terms of the expansions for 7T,* >> 0 we can obtain

dra~ _= L (Ger- -+ Tl*)A’ dH .~ _ spLt* | (4.10)
dve* 3 (1 — Ho") dut G —Hy [ T
w__ H w0+ —og (L +9)u*
sq(U—Ho) 1—Ho " (5g+oF (5q + o)

From (4,10), taking note of (4, 6) and the matching conditions we find

L(L—1) (5, 4o  [op(l4+o)mn*
ra (1*) = Q J ( = )

sh L+ oPsi, (5q 4 oF
w20+ FQ o <l’a(°°)+1_L)—3]

o 6 (1 +29) 3q 2
T
sl : o og (1+9)

- 251 ra E 2
H T*=——£—_~S Rt N RO i

(@Y Wsg(L—147) ) [ 1 (5g +of

z —sy (L-+9)z .
—_— | T eXp ————————
sq (1 — Ho) P (59 +3r

We write the two-term formula for the combustion rate in dimensional variables

s (1) N 7(1)
2kLap\te (RIS (T R (4.11)
m—( c ) (151/ W —7_ b+ n <

T — I @ ) Q

— (2344 —L)—3|jexp ——=, I+ =T_+4 -~

{T(j) —T_ 2RIV “

Substituting (4,1), (4. 5) into (1, 7) — (1.10), we can obtain

7" (0*) =Gt (1*) = —(1 — og)'u* (4.12)

The functions (4,12) satisfy the matching condition with (4, 6).

The formulas we have obtained above give a complete solution of the problem for
the special case considered, From (4,11) it follows that the combustion rate is determ-
ined here by the characteristics of the first reaction, the front of which propagates inde-
dendently of the second reaction which takes place under induction conditions, Using
the terminology of [9], we call this combustion mode a mode of separation,

5. Discussion of the results, The analysis presented here has enabled us
toidentify the characteristic combustion modes and also the regions over which the
parameters of the problem vary. The approximate analytical expressions obtained for
the combustion rate and the distribution of the parameters completely define the depen-
dence of the combustion rate and the wave structure on the physico-chemical charac-
teristics of the burning mixture, In particular, the results include the special case L =
1, for which we have the additional integral t = rog+ (1 — 0g)g-

A comparison of our data with the numerical results obtained in [10, 11]for L = 1
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shows good agreement, The characteristic combustion modes identified through an
asymptotic examination, which were obtained numerically in [10], show that the regions
of their occurrence coincide, with acceptable accuracy, with those found in [10], The
applicability of our results is not restricted to the case of ultimate large p. Similarly

to [4 — 8], the data obtained describe the process with sufficient accuracy, also forvalues
of P substantially less than ten,
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